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Abstract : By generalizing the method used by Tignol and Amitsur in [TA85], we determine 
necessary and sufficient conditions for an arbitrary tame central division algebra D over a Henselian 
valued field E to have Kummer subfields [Corollary 2.11 and Corollary 2.12]. We prove also that if 
D is a tame semiramified division algebra of prime power degree p n over E such that p ^ char(E) 
and rk{T d e) > 3 [resp., such that p ^ char(E) and p 3 divides exp(T u /T '#)], then D is non-cyclic 
[Proposition 3.1] [resp., D is not an elementary abelian crossed product [Proposition 3.2]]. 

Introduction 

Let B be a tame central division algebra over a Henselian valued field E. We know 
by [JW90, Lemma 6.2] that B is similar to some 5% T, where S is an inertially 
split [resp., T is a tame totally ramified] division algebra over E. By generalizing the 
method used by Tignol and Amitsur in [TA85], Morandi and Sethuraman determined 
in [MorSe95] necessary and sufficient conditions for B to have Kummer subfields 
when B = S ®e T . A good question was to see if we have the same results when 
B is an arbitrary tame central division algebra over E. To deal with this question, 
we remarked that it will be the same if we can determine necessary and sufficient 
conditions for a graded central division algebra over a graded field to have Kummer 
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graded subfields. Indeed, we know that if char(E) does not divide deg(B), then any 
result concerning graded subfields of GB gives an analogous one for B. 
A first key idea was the fact that if D is a graded central division algebra over a 
graded field F, then there is a factor set (ou, f) of Tp/Tp in DqF such that D is the 
generalized graded crossed product {D F, T^/r^, (u, /)). Another important result 
consists in the fact that / can be decompsed in a nice way Indeed, we showed that for 
any 7, 7' G Tp/Tp, we can write 7(7, 7') = <i(7, 7')M7> 7')> w here (a;, d) is a factor set 
of Td/Tf in _D an d fa £ Z 2 (Td/Tf, F*) sym [Lemma 1.6]. We show also in section 2 
that if K is a Kummer graded subfield of D, then there is an exact sequence of trivial 
rV/IV-modules ax '■ 1 kum(Ko/Fo) — > kum(K/F) — > IV/IV — > 0. We consider 
as an element of Z 2 (Td/Tf, kum(K / F )) sym and so applying the previous facts 
we get in [Corollary 2.10 and Corollary 2.11] necessary and sufficient conditions for 
D to have Kummer graded subfields when Fq contains enough roots of unity. This 
results are then applied to give necessary and sufficient conditions for a semiramified 
graded division algebra D over a graded field F to be cyclic [resp., to be an elementary 
abelian graded crossed product] when F contains enough roots of unity. In section 3, 
and without assuming any root of unity to be in E, we prove that if E is a Henselian 
valued field and B is a tame semiramified division algebra of prime power degree p n 
over E such that p 7^ char(E) and rk(T B /T F ) > 3 [resp., such that p 7^ char(E) 
and p 3 divides exp(T B /T E )], then B is non-cyclic [Proposition 3.1] [resp., B is not an 
elementary abelian crossed product [Proposition 3.2]]. 

Throughout this paper, we assume familiarity with the definitions and notations 
previously used in [M05] and [M07]. 

1 Generalized graded crossed products and graded division 
algebras 

(1.1) Let L be a field and A a central simple algebra over L. We denote by A* the 
group of invertible elements of A and by Aut(A) the group of ring automorphisms 
of A. For any c G A*, we denote by Inn(c) the ring automorphism of A defined 
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by a i— > cac -1 . Let H be a finite group that acts by automorphisms on L and let 
uo : if — > and / : if x if — > A* be two maps. We say that (a;, /) is a factor 

set of if in A if the following conditions are satisfied : 

(1) uj a (a) = a(a) for all a G L and <x G if , 

(2) c^o-uv = Inn(f(a,r))oj aT for all a,r E H, and 

(3) /(<7, r)/(crr, /i) = w ff (/(r, /i))/(o-, r/i) for all cr, r, G if. 

If /) is a factor set of if in A, then we define the generalized crossed product 
associated to (uj, /) to be the algebra (A, if, (uj, /)) = ©^//Aco-, where i ff are inde- 
pendent indeterminates over A satisfying the following multiplicative conditions (for 
all a G if and a E A) : 

(4) a^a = uj a (a)x a , and 

(5) = f(a,r)x aT . 

It is well-known that if char(L) does not divide card(H), then (A, if, (uj,f)) is a 
semisimple algebra (see [MorSe95, p. 556]). 

Let (uj, f) and (a/, /') be two factor sets of if in A. We say that (uj, f) and (u/, /') 
are cohomologous if there is a family (a <T ) crG ^ of elements of A* such that for all 
<j,t G if , io' a = Inn(a a )cu a and /'(cr, r) = a a uj a .(a T )f(a,T)a~^. We write in this case 
(cj, /) ~ (a;', /'). The relation ~ is an equivalence relation on the set of factor sets of 
if in A. We denote the set of equivalence classes by H(H, A*). If A = L is a Galois 
field extension of some field f? and H = Gal(L/E), then H(H,A*) is the second 
Galois cohomology group H 2 (H,L*). 

Now, let L be a graded field, A a graded central simple algebra over L, H a finite 
group that acts on L by graded automorphisms (of grade 0), GAut(A) the group of 
graded ring automorphisms (of grade 0) of A (i.e. ring automorphisms of A such that 
/(As) = As)- In the same way as above, if uj : if — ► GAut(,4) and / : if x if — > A* 
are two maps that satisfy the conditions (1) to (3) above, then we say that (u>, /) is a 
graded factor set of ff in A. The corresponding graded generalized crossed product 
(A, if, (u, /)) is defined also as above. Namely, (A, if , (ui, /)) = 0^//^, where 
independent indeterminates on A satisfying the multiplicative conditions : 
x a a = uj a (a)x a and x a x T = /(cr, r)x CTr for all a G A and cr,r <E H. As we will see in 
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the next lemma, (A, H, (u, /)) has a unique graded algebra structure extending that 
of A and for which x a are homogeneous elements (the proof of this lemma is inspired 
from [HW(2), Lemma 5.4]). 

Lemma 1. 2 Let L be a graded field, A be a graded central simple algebra over L, H 
a finite group that acts on L by graded automorphisms, and (u, f) a graded factor set 
of H in A. Then, there is a unique graded algebra structure of (A, H, (cu, /)) extending 
the grading of A and for which x a are homogeneous elements. 

Proof. Let T A (a totally ordered abelian group) be the support of A, A A (= 
Ta ®2 Q) be the divisible hull of T A and consider the map h : H x H — > A^, 
(a, t) i— > gr(f(a,r)). Then, it follows from condition (3) above that h is a cocycle of 
Z 2 (H : A a) (for the trivial action of H on A^). Since H is finite and A^ is uniquely 
divisible, then H 2 (H,Aa) = H 1 (H,Aa) = 0. Therefore, there is a unique family 
{3<j)aeH of elements of A^ such that h(a, r) = 5 a + 5 T — 5 ar (the uniqueness follows 
from the fact that ^(H, A A ) = 0). The unique graded structure of (A, H, (tu, /)) 
that extends that of A and for which x c are homogeneous elements is then defined 
by gr(x a ) = S a . 

In what follows, we will show that any graded division algebra can be represented 
as a generalized graded crossed product. This representation, will be applied in sec- 
tion 2 to determine necessary and sufficient conditions for the existence of Kummer 
graded subfields. 

(1.3) Let F be a graded field and D a graded central division algebra over F. Then, 
the map 6 D : T D /T F -> Gal(Z(D Q )/F ), defined by 6 D {gr{d) + T F ){a) = dad' 1 for 
any d G D* and a G Z(D ), is a surjective group homomorphism. Since HCq(D) is 
a tame central division algebra over HFrac(F), then by [JW90, Proposition 1.7 and 
Definition p. 166] Z(D ) is an abelian field extension of F . For simplicity, we denote 
by G the Galois group Gal(Z(D )/F ). So, by [HW(1)99, Remark 3.1] Z(D )F is 
an abelian Galois graded field extension of F with Galois group isomorphic to G. In 
what follows, we will consider the action of T D /T F on Z(D )F defined by Or, (i.e., for 
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any 7 G Tp/Tp and any a G Z(D )F, we let 7(a) = d^ad^ 1 , where <i 7 is an arbitrary 
homogeneous element of D* such that gr(d^) + F F — 7). 

We aim here to show that there is a graded factor set (uj, /) of := T^/IV in -Do-^ 1 
such that D = (DqF,H, (u,f)). For this, we fix a family of homogeneous elements 
(-2 7 ) 7g # of D* with gr(z^) + T F = 7. Clearly we have -D = (B^ eH D Fzj (because 
both graded algebras have the same 0-component and the same support). We define 

uj: H -> GAut(D F) 

and 

f:HxH^ (D F)* 

by cj 7 (a) = -z^az^" 1 and 7(7,7') = ^7^7'^+^/- One can easily see that (a;,/) is a 
graded factor set of if in £> F. So, D = @^ H D Fz^ = {D F, H, (u, /)) 

Let 5 = @^£ker{e D )DoFz^ and for any a E G choose a %- G H such that #d(7<t) = cr 
and let z CT := z 7ct . Then, we have the following Proposition. 

Proposition 1. 4 B is the centralizer of Z (D F) in D and D = ®aecBz a = (B,G, (w,g)) 
for some graded factor set (w,g) of G in B. 

Proof. Let C be the centralizer of Z(D )F in D. Clearly, we have B C C. 
Moreover, by [HW(2)99, Proposition 1.5] we have [C : F] — [D : F]/[Z(D )F : F] = 
[D : F ](T D : T F )/[Z(D ) : F ] = [D : F ]\ker(6 D )\ = [B : F]. Hence, B = C. 
Clearly, we have Q) aeG Bz a = ® aeG (^ eker ^ D )D Fz^)z a = ®^ &Td / Tf D g Fz^ = D. 
Let 

w : G -> Gi4«t(S) 

and 

be the maps defined by -uv(fe) = Zo-fe^ 1 (for any b E B and er G G) and g(a,r) = 
z a z T z~} (for any cr, r G G). Then, (w,g) is a graded factor set of G in B and 
(w,#)) = ®aecBz a = D. 
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Remark 1.5 Remark that the existence of (w,g) in Lemma 1.4 follows also by the 
graded version of [T87, Theorem 1.3(b)]. 

(1.6) Now, with the notations of (1.3) let S = (5i := 5i + r^)x<j< r a basis of H, 
qi = ord{5i) for 1 < i < r and / = {(mi, ...,m r ) G IN r | < rrii < qi for 1 < i < r}. 
We fix a family (xj)i<j< r of elements of F* with gr(xi) = qi5i, and we consider a 
family (<2j)i<j< r of elements of D* with gr(zi) = <5j. For m = (m-i, ...,m r ) G /, we let 
m5 = X)i<j<r and z" 1 = 117=1 2™*. Remark that for any 7 G if , there is a unique 
element m G I such that 7 = m5. Henceforth, for any 7 = m5 (where m G I), we 
choose z 7 = z m . Let / : if x if — > (D F)* be the map previously defined in (1.3) 
by 7(7,7') = £7-27'-^+^/ • Then, for any m,n G I, f(rh5,n5) = z m z n z -l 3 ( m + n ) ; where 
/9(m + n) G I with m + n = /3(m + n) mod 111=1 Qj^- Write mj + nj = /3(m + n)j + tiqi, 
where tj G IV, then f(rh5,n5) = d(m5,nfr)h(m5,n5), where d(rh5,n5) G -Dq and 
h(rfiS,nd) = Yli^xf. Consider the map u; defined in (1.3), we will denote also by c<j 
the map : H — > Aut(_D ) defined by 7 1— > ^/ Do - We have the following lemma. 

Lemma 1. 7 (cj,cf) is a factor set of H in D and h G Z 2 (H, F*) sym . 

Proof. Let m,n and s be elements of I. Since H acts trivially on F*, then 

r r 

rh5h(n5,s5)h(rh5,n5 + s5) = h(n5, s5)h(rh5, /3(n + s)5) = (J| £j A< )(II x i li ) 

i=i i=i 

where Ai = ^(n* + - /3(n + s)j) and 7* = ^-(m^ + /3(n + s)j - (5(rh + /9(n + s))j). 
We have (3(rh + f3(n + s)) = f3(rh + n + s), hence 

r 

m5h(n5, s5)h(rh5, n5 + s5) = (JJ :rf l ). 

i=i 

where & = — m^ + + — /3(m + n + s)j. 
Likewise, we have : 

r 

h(m5,n5)h(rh5 + n5,s5) = T\xf. 

i=i 
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Moreover, it is clear that h(rhS,nS) = h{n8,fh8). Hence, h G Z 2 (H, F*) sym . The fact 
that (u, f) is a graded factor set of H in D F and that h G Z 2 (H, F*) sym imply (cu, d) 
is a factor set of H in Dq. 

Remark 1.8 If D is a semiramified graded division algebra over F, then using the 
same arguments as in the proof of Lemma 1.7, we prove that d G Z 2 [H, Dq) (see that 
in this case H = Gal(D /F )). 

2 Kummer graded subfields of graded division algebras 

(2.1) Let F be a graded field and if is a finite-dimensional abelian graded field 
extension of F (i.e., such that Frac(K) / Frac(F) is an abelian Galois field extension 
[see HW(1)99]). We say that if is a Kummer graded field extension of F if F contains 
a primitive m th root of unity, where m is the exponent of Gal(K/F). In such 

for ungraded Kummer field extensions, we set KUM(K/F) = {x G K * | x m G F} and 
kum(K/F) = KUM(K/F)/F*. One can easily see that kum(K/F) is isomorphic to 
Gal(K/F). 

Now, let K be a Kummer graded field extension of F, then we have K = F[a | a G 
KUM(K/F)}, so Y K /Y F is generated by {gr(a) + T F | a G KUM(K/F)}, therefore 
the group homomorphism ip : kum(K/F) — > T^/T^, defined by ^(aF*) = gr(a) + T F , 
for a G KUM(K/F), is surjective. Let : kum(K /F ) — > kum(K/F) be the group 
homomorphism defined by 0(a-F o *) = aF*, for every a G KUM(K /F ). Clearly, 
is injective and ■?/> o = 0. By comparing the cardinalities, we conclude that the 
following sequence of trivial rx/Tir-modules : 

a K : 1 -> kum(K /F ) kum(K/F) X T x /r F -> 

is exact. Remark that since kum{K/F) is abelian, then G Z 2 (T K /T F , kum(K / F )) 

(2.2) With the notations of (2.1), we have KUM(K/F) n D = KUM(K /F ). 
Indeed, let a G KUM(K/F) n A), then ^(ai 71 *) = 0, so aF* G im(0). Hence there 
is 6 G KUM(K /F ) such that aF* = Since both a and 6 are in Dq, then 
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ab- 1 G F*(= D*f)F*). So, a G KUM(K /F ). This shows that KUM(K/F)f]D C 
KUM(K /F ). The converse inclusion is trivial. 

2.3 Notations : We precise here some notations needed for the next result : 

(a) Let e : KUM(K /F ) — > kum(KQ/F ) be the canonical surjective homomorphism. 
We denote by e* : H 2 (T K /T F , KUM(K / F )) sym -> # 2 (r^/r F , ta(Ko/F )) SJ/m the 
corresponding homomorphism of cohomology groups (for the trivial action of Yx/Yp 
on KUM(K /F ) and on kum(K /F )). 

(b) Let d) be the factor set of H in Do previously seen in Lemma 1.7, we denote 
by reSr K /r F (ou,d) its restriction when considering Yk/Yf instead of if. 
Obviously, res^ K , TF (ou, d) is a factor set of IV /IV in D . 

(c) Let i : KUM(Kq/Fq) — ► .Dq be the inclusion map. For a cocycle /i G Z 2 (r^/rir, 
KUM(K /F )) we denote by the map : Y K /Y F x Y K /Y F -> DJJ, (7,7') ^ 
i 0/1(7,7'). 

Theorem 2. 4 Let F be a graded field, D a graded central division algebra over F , 
(u>, d) the factor set ofY D /Y F in D seen in Lemma 1.7, K a Kummer graded sub field 
of D and ax the cocycle of Z 2 (Y k /Y F ,kum(K / 'F )) sym defined in (2.1), then there 
exists a cocycle d' G Z 2 (Yk/Y f , KUM(K /F )) sym (for the trivial action of Yk/Yf 
on KUM(K /F )) and a map uj' : Y K /Y F — > Aut(D ) which satisfies uj'^{a) = a for 
all a G Kq and 7 G Yk/Y f , such that : 

r /r 

1. (u',i*d') is a factor set of Yk/Yf in D cohomologous to res r °^(u,d), and 

2. e„([d']) = [a K \. 

Proof. Let H = Yp/Yp and write D = Q^^hFjqFx^, where x^a = u^(a)x^ and 
XjXy = ^(7, 7')/i(7, 7')x^ + y (where h is the cocycle of Z 2 (Y p/Y p, F*) sym seen in 
Lemma 1.7). For any 7 G IV, let G KUMiKj F) such that gr(y^) + = 7 
(= 7 + IV) and write = a^x^, where G (D F)*. Let b^ G -D^ and &y G F* such 
that = fcyCy, then we have : 

y^y? = a^(a^)d(7,7 / )a^-,/i( 7 ,7 / )y w , 

= 6^(6^)^(7, 7 / )6^-,c^c r c^_ ; / i (7, f^+y 
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where d'(7>7') = b^(by)d(j, 7') fo 7+ 7 ' and ^'(7,7') = c^c^/i^, 7'). Since y 7 , y 7 / 
and y 7+7 , are in KUM(K/F) and /i'(7,f) G F*, then d'(7,f ) e KUM(K/F) n A) 
(= KUM(K /F )). One can easily check that d' G Z 2 (T K /T F , KUM(K /F )) sym 
(this follows from the equality (y^y^UT — y^iy^y^) 1 the ^ ac ^ that ^' ~ res r K /r F W 
is a symmetric 2-cocycle and the fact that y 7 are pairwise commuting for 7 G IV/IV). 
Now, let a/ : IV/ IV — *• Aut(D ) be the map defined by u'^ = Inn(b^)u^ (i.e., oj'^{a) = 
byiv^a)^ 1 for all a E D and 7 £ IV/IV)- Then, for any a G K and any 7 G T K /T F , 
we have ^ 7 (a) = b^x^ax^b^ 1 = a^x^ax^a^ 1 = y^ay^ 1 = a. One can easily see that 
(u',i*d') is a factor set of T K /T F in D cohomologous to res^ K , rp (u!,d). Moreover, 
the equality y 7 y 7 ' = d'(j, j')h'(j, 7')y 7+7 ' yields, by considering classes modulo F* in 
kum(K/F), y 7 y 7 ' = e(d'('j, 7'))y 7+7 /, where e : KUM(K / F ) — > kum(K /F ) is the 
canonical surjective homomorphism (we identify here kum(K / F ) with its canonical 
image in kum{K/F)). Hence, e*([d']) = [or-]. 

(2.5) Let F be a graded field, D a graded division algebra over F, A a finite abelian 
subgoup of D*/F* with exponent m, and for any a £ A, let d a be a representative of 
a in D*. Assume that F contains a primitive m th root of unity and let F(A) = F[d a 
I a G A] be the subring of generated by F and the elements d a (a G A). If d a are 
pairwise commuting, then as in the ungraded case F(A) is a Kummer graded field 
extension of F with kum(F(A)) = A (it suffices to see that F(A) is a graded field 
and that Frac(F(A)) = Frac(F)(A) when A is identified with its canonical image in 
Cq(D)* /Frac(F)*). 

Conversely to Theorem 2.4, we have the following Theorem. 

Theorem 2. 6 Let F be a graded field, D a graded central division algebra over F 
and (cu,d) the factor set ofT D /T F in D seen in Lemma 1.7. Assume F contains 
enough roots of unity and that there are : 

1. a field extension M of Fq in D , and a subgroup R 0/ IV/IV acting trivially on 
M, 

2. a cocycle d! G Z 2 (R, KUM(M/F )) sym and a map uj' : R — > Aut(D ) such that 

r /r 

(u',i*d') is a factor set of R in D cohomologous to res^ F (u,d) and such that 
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wij(a) = a for all a G M and 7 G R. 

Then, there exists a Kummer graded subfield K of D such that : 

1. K = M, T K /T F = R and 

2. e,([d']) = [a K \. 

Proof. Let's denote by H the quotient group Tp/Tp and write D = (B^ e jjD Fx^, 
where x^a = u^(a)x^ and XyXy = <i(7, 7')M7> 7')x^ + y (h being the cocycle of 
Z 2 (H, F*) sym seen in Lemma 1.7). The fact that (u/, i*d') is cohomologous to res^(cu, d) 
means that there is a family (b^)^<zR of elements of Dq such that for all a & D$ 
and 7,7' G -R, we have co'^(a) = byU^a)^ 1 and d'(j, 7') = fe^o;^ (6^)^(7, 7')^+^- 
Let y^ = for all 7 G i?. Then, we have yyyy = d'(7, 7')/i(7, 7')^+^. Let 

= ©^ e /jMFy^.(C D). Since d' and /i are symmetric, then y^ are pairwise com- 
muting. Moreover, by hypotheses u;^(a) = a for all a G M and 7 G -R, so X is a 
commutative graded subring (hence a graded subfield) of D. 

Let A be the subgroup of D*/F* generated by kum(M/Fo) and the set {y^}^R- 
One can easily see that up to a graded isomorphism we have K = F(A). There- 
fore, K is a Kummer graded field extension of F with kum(K/F) = A. Considering 
classes in kum(K/F), we have y^yy = e(rf'(7, 7'))y^ + ^/, where e : KUM(M/F ) — > 
kum(M / F ) is the canonical surjective homomorphism (we identify here kum{M / F ) 
with its canonical image in kum(K/F)), so kum{K/F) is the extension of kum(M/F ) 
by i? with cocycle e*([d']). 

(2.7) Let F be a graded field, D a semiramified graded division algebra over F 
and G = Gal(D /F ). We know that r^/IV = G. Therefore, any subgroup of 
Fd/^f can be identified to a subgoup of G. Let's consider the following diagram : 

H 2 (r K /r F ,KUM(K /F )) sym ^ H 2 (T K /T F ,D*) 

e* i T res v K /v F 

H 2 (T K /T F , kum{K /F )) sym H 2 (G, D*) 

where i* is the homomorphism of cohomology groups induced by the inclusion map 
KUM(Kq/Fq) A Dq, e* is the homomorphism of cohomology groups induced by the 
canonical surjective homomorphism e : KUM(K / F ) — > kum(K /F ), and resp / r 
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is the restriction map. As a consequence of Theorem 2.4, we have the following 
Corollary : 

Corollary 2. 8 Let F be a graded field, D a semiramified graded division algebra over 
F, G = Gal(D / Fq) , d the cocycle of Z 2 (G,Dq) seen in Remark 1.8, K a Kummer 
graded subfield of D and ax the cocycle of Z 2 (rK/^F,kum(Ko/Fo)) sym defined in 
(2.1), then there exists a cocycle d' G Z 2 (Tk/Tf, KUM(K /F )) sym such that : 

(1) i*([d']) = res° K/VF {[d]), and 

(2) e*([d>\) = M 

Also, as a consequence of Theorem 2.6, we have the following Corollary. 

Corollary 2. 9 Let F be a graded field, D a semiramified graded division algebra over 
F and d G Z 2 (G,Dq) the cocycles seen in Remark 1.8. Assume F contains enough 
roots of unity and suppose there exist : a subfield M of D containing F , a subgroup 
R ofY D /Y F acting trivially on M, and a cocycle d! G Z 2 {G, KUM(M/F )) S y m such 
that i*([d']) = resold]). Then, there exists a Kummer graded subfield K of D such 
that : 

(1) M — K Q , R — T K /T F , and 

(2) [a K ] = e*([d>]). 

(2.10) Now let E be a Henselian valued field and D a tame central division algebra 
over E such that char(E) does not divide deg(D). Since GD is a graded central 
division algebra over GE, then we can define a graded factor set (cu, d) corresponding 
to GD as made in Lemma 1.7. If K is a Kummer subfield of D, then by [HW(1), 
Theorem 5.2] GK is a Kummer graded subfield of GD. So, we can consider the 
symmetric cocycle acK of (2.1) corresponding to GK. For simplicity, we denote cxck 
just by ax- As a direct consequence of Theorem 2.4, we have the following Corollary 

Corollary 2. 11 Let E be a Henselian valued field and D a tame central division al- 
gebra over E such that char(E) does not divide deg(D) . Using the notations of (2.10), 
if K is a Kummer subfield of D , then there is a cocycle d' G Z 2 (T K /T E , KUM{K /E)) sl 
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(for the trivial action ofTx/Ts on KUM{K / E)) and a map uj' : Tk/Te — > Aut(D) 
which satisfies u)^(a) = a for all a G K and 7 G IV/ r^, such that : 

1. (u',i*d') is a factor set ofT K /T E in D cohomologous to res^/J~ r E E (u), d), and 

2. e,([d']) = [a K \. 

Also, as a consequence of Theorem 2.6, we have the following Corollary : 

Corollary 2. 12 Let E be a Henselian valued field and D a tame central division 
algebra over E such that char(E) does not divide deg(D). Assume that E contains 
enough roots of unity and that (with the notations of (2.10)), there are : 

1. a field extension M of E in D, and a subgroup R ofY D /Y E acting trivially on M, 

2. a cocycle d! G Z 2 (R, KUM(M/E)) sym and a map 00' : R -> Aut(D) such that 
(u',i*d) is a factor set of R in D cohomologous to res J p[ ) ^ rE (uj,d) and such that 
wty(a) = a for all a G M and 7 G R. 

Then, there exists a Kummer subfield K of D such that : 

1. K = M, T K /T E = R and 

2. e„([d']) = [a K \. 

Remark 2.13 (1) In the last two corollaries, we can use the group isomorphism 
kum(K/E) = kum(GK/GE) and replace the exact sequence of trivial Tx/Fe- 
modules acx by another exact sequence of trivial IV/r^-modules 

1 -> kum(K/E) ^ kum(K/E) -t Y K /Y E -> 

then use it to have necessary and sufficient condition for D to have Kummer subfields. 

(2) We have also analogous results to Corollary 2.8 and Corollary 2.9 for tame semi- 
ramified division algebras over Henselian valued fields. 

(3) We can drop the assumption that E is Henselian in many results of this paper. 
Indeed, let Dbea valued central division algebra over a field E, HE be the Henseliza- 
tion of D with respect to the restriction of the valuation of D and HD = D ® E HE. 
Then, one can easily see that GD = G(HD) and GE = G(HE). 

Theorem 2. 14 Let F be a graded field, D a semiramified graded division algebra 
over F and d the cocycle seen in Remark 1.8. If F contains a primitive deg(D) th 
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root of unity, then the following statements are equivalent : 

(1) D is cyclic, 

(2) There is a field extension M of F in D such that : 

(i) the extensions M/F and D /M are cyclic, and 

(ii) (D /F ,G,d) ®f M ~ (D /M,o~,u) for some generator a of Gal(D /M) and 
some u G M* such that uFq generates kum(M / F ) . 

Proof. This can be proved in the same way as [T86, Theorem 3.1]. 

Theorem 2. 15 Let F be a graded field, D a semiramified graded division algebra 
over F and d the cocycle seen in Remark 1.8. Suppose now that deg(D) is a power 
of a prime p and that F contains a primitive p th root of unity. Then, the following 
statements are equivalent 

(1) D is an elementary abelian graded crossed product, 

(2) there is a field extension M of Fq in Do such that M / Fq and Dq/M are el- 
ementary abelian, and (D /F ,G,d) represents in Br(D /F )/ Dec(D / F ) an ele- 
ment of the image of the canonical group homomorphism Br(M/F Q )/Dec(M/Fo) — > 
Br(D /F )/Dec(D /F ), 

(3) exp(G) = p or p 2 and (D /FQ,G,d) represents in Br(D /FQ)/Dec(D /F ) an 
element of the image of the canonical group homomorphism Br{L / Fq) / Dec{L / Fq) — > 
Br(D / F ) / Dec(D / F ) , where L = FixGp{D ) (G p being the subgoup of G consist- 
ing in p-powers of elements of G) ( this last condition is void if exp{G) = p since in 
this case L = K .) 

Proof. This can be proved in the same way as [T86, Theorem 4.1]. 

Proposition 2. 16 Let E be a Henselian valued field, D a division algebra over E 
such that char(E) does not divide deg(D) and H a finite group. Then, D has a tame 
Galois subfield with Galois group isomorphic to H if and only if GD has a Galois 
graded subfield of Galois group isomorphic to H . Therefore, D is cyclic [resp., an 
elementary abelian crossed product] if and only if GD is cyclic [resp., an elementary 
abelian graded crossed product]. 
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Proof. Assume that D has a Galois subfield of Galois group isomorphic to H, then 
by [HW(1), Theorem 5.2] GK is a Galois graded subfield of GD with Galois group 
isomorphic to H . Conversely, assume that GD has a Galois graded subfield L with 
Galois group isomorphic to H . Then, again by [HW(1), Theorem 5.2] there is a tame 
field extension M of E such that GM 2* L and Gal(M/E) ^ H. By [HW(2)99, 
Theorem 5.9] M is isomorphic to a subfield of D. 

Remark. We recall that if E is a Henselian valued field and D is an inertially 
split division algebra over E with D commutative, then D is a tame semiramified 
division algebra over E (see [M07, Proposition 2.6]). The reader can then see that 
similar results to Theorem 2.14, Theorem 2.15 in the case of tame semiramified divi- 
sion algebras over a Henselian valued field were proved in [MorSe95] . Using Theorem 
2.14, Theorem 2.15, we get the next two Corollaries of [MorSe95]. In the next section, 
we will prove these two corollaries without assuming that E contains primitive roots 
of unity. 

Corollary 2. 17 [MorSe95, Corollary 5.5] Let E be a Henselian valued field and D 
a tame semiramified division algebra of prime power degree over E. Suppose that 
char(E) does not divide deg(D) and E contains a primitive deg(D) th root of unity 
and that rk(T d/T > 3 ; then D is non-cyclic. 

Proof. We have rk(Gal(GD /GE )) = rk(Gal(D/E)) = rk(T D /T E ) > 3. So by 
Theorem 2.14(2(i)) GD is non-cyclic. Hence, by Proposition 2.16, D is non-cyclic. 

Corollary 2. 18 [MorSe95, Corollary 5.7] Let E be a Henselian valued field and D a 
tame semiramified division algebra of prime power degree p n over E (p being a prime 
integer and n e IN*). Suppose that E contains a primitive p th root of unity and that 
p 3 divides exp{TE>/^E), then D has no elementary abelian maximal subfield. 

Proof. This follows by Theorem 2.15 and Proposition 2.16. 
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3 Non-cyclic and non- elementary abelian crossed product 
tame semiramified division algebras 

Let E be a Henselian valued field and D a tame semiramified division algebra of 
prime power degree p n over a Henselian valued field E such that char(E) ^ p. In 
this section, we aim to show that if rk(T D /T E ) > 3, then D is non-cyclic [Proposition 
3.1], and that if p 3 divides exp(T D /T E ), then D has no elementary abelian maximal 
subfield [Proposition 3.2]. 

Proposition 3. 1 Let E be a Henselian valued field and D a semiramified division 
algebra of degree n over E. Assume char(E) does not divide n and suppose K is a 
cyclic maximal subfield of D. Then, Tk/T e and T e /Tk are cyclic. So, Td/T e is 
generated by two elements. In particular, if n is a prime power and rk(T D /T E ) > 3, 
then D is non-cyclic. 

Proof. Let M be the inertial lift of K over E in K (see [JW90, Theorem 2.8 and 
Theorem 2.9]). Since K is cyclic and totally ramified over M, then Tk/T e (= Tk/Tm) 
is cyclic. Furthermore, we have T D /T K = (T D /T E )/{T K /T E ) = Gal(D / E) / Gal(D / K) = 
GaliK I E) = Gal(M/E) (for the second equivalence, see that K is a totally ramified 
maximal subfield of the semiramified division algebra C E ). So, Td/Tk is cyclic. Let 
7i + r# be a generator of T K /T E and 7 2 + T K a generator of T D /T K , then for any 
a G Td/T e , there are positive integers n\ and n2 such that a = n^i + n272 + T E . If 
n is a prime power, then rk(T D /T E ) < 2. 

Proposition 3. 2 Let E be a Henselian valued field and D a tame semiramified 
division algebra of prime power degree p n over E (p being a prime integer and n G 
IN*). If char (E) 7^ p and p 3 divides exp{Gal(D / E)) , then D has no elementary 
abelian maximal subfield. 

Proof. Suppose that K is an elementary abelian maximal subfield of D, then K/E 
is elementary abelian. Therefore, for any a G Gal{D / E), a v G GaliD j K). Let M be 
the inertial lift of K over E in K. Then, K is a Galois totally ramified field extension 
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of M and Gal(K/M) = Yk/Tm- Moreover, since C|f is tame semiramified, then 
Gal(D/K) = Gal(D/M) ^ Y K /Y M {^ Gal(K/M)). Hence, a? 2 = id D . A contradic- 
tion. 

Remark 3.3 (1) We recall that we saw in [M07, Proposition 4.6] that if E is a 
Henselian valued field and D is a nondegenerate tame semiramified division algebra 
of prime power degree over E, then D has an elementary abelian maximal subfield if 
and only if /Yp is elementary abelian. 

(2) As showed in [T86] with Malcev-Neumann division algebras, one can use Propo- 
sition 3.1 and Proposition 3.2 to prove the following result : Let m and n be integers 
which have the same prime factors and such that m divides n, and let k be an infi- 
nite field. If there is a prime p ^ char(k) such that p 2 divides m and p 3 divides n, 
then Saltman's universal division algebras of exponent m and degree n over k are not 
crossed products. 
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